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a b s t r a c t
LetAn be the class of functions f (z)which are analytic with f (0) = 0 and f (j)(0) = 0 (j =
1, 2, 3, . . . , n) in the open unit disk U. For such functions f (z), the subclass Tn(µ) of An
is introduced. The object of the present paper is to discuss some properties for f (z) in the
class Tn(µ) concerned with some sufficient conditions for f (z) to be univalent in U.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Let H denote the class of functions f (z) which are analytic in the open unit disk U = {z : z ∈ C and |z| < 1}. For a
positive integer n, letAn be the class of functions f (z) ∈ H of the form
f (z) = z +
∞
k=n+1
akzk
with A1 = A. The subclass of A consisting of all univalent functions f (z) in U is denoted by S. In 1972, Ozaki and
Nunokawa [1] proved a univalence criterion for f (z) ∈ A as follows.
Lemma 1.1. If f (z) ∈ A satisfies z2f ′(z)
(f (z))2
− 1
 < 1 (z ∈ U),
then f (z) is univalent in U, which means that f (z) ∈ S.
Further, let Tn(µ) denote the class of functions f (z) ∈ An which satisfy the inequality z2f ′(z)
(f (z))2
− 1
 < µ (z ∈ U)
for some real number µwith 0 < µ 5 1 and Tn(1) = Tn. According to Lemma 1.1, it is clear that Tn(µ) ⊂ Tn ⊂ S.
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A function f (z) ∈ A is said to be starlike of order α in U if it satisfies
Re

zf ′(z)
f (z)

> α (z ∈ U)
for some real number α with 0 5 α < 1. This class is denoted by S∗(α) and S∗(0) = S∗. It is well-known that S∗(α) ⊂
S∗ ⊂ S.
For a positive integer n, we define byBn the class of functionsw(z) ∈ H of the form
w(z) =
∞
k=n
ckzk = cnzn + · · ·
which satisfy the inequality |w(z)| < 1 (z ∈ U).
In order to discuss our results, we need a lemma which is well-known as Schwarz’s lemma [2] below.
Lemma 1.2. If w(z) ∈ Bn, then
|w(z)| 5 |z|n (1.1)
for each point z ∈ U. The equality in (1.1) is attended for w(z) = eiϕzn (ϕ ∈ R).
Remark 1.3. It follows from the inequality (1.1) that
|arg (1+ w(z))| 5 sin−1 |z|n (z ∈ U). (1.2)
Applying Lemma 1.2 for n = 2, Singh [3] proved several properties for f (z) ∈ T2.
Lemma 1.4. If f (z) ∈ T2, then
(i) Re

f (z)
z

> 12 (z ∈ U)
(ii) Re

zf ′(z)
f (z)

> 0 for |z| < 14√2
(iii) Re f ′(z) > 0 for |z| < 1√
2
.
Moreover, Singh [3] discussed starlikeness for f (z) ∈ T2(µ).
Lemma 1.5. If f (z) ∈ A2 satisfies z2f ′(z)
(f (z))2
− 1
 < 1√2 (z ∈ U),
then f (z) ∈ S∗. This means that T2(µ) is a subclass of S∗ for 0 < µ 5 1√2 .
2. Some properties for certain univalent functions
Applying Lemma 1.2, we first deduce several properties for f (z) ∈ Tn.
Theorem 2.1. If f (z) ∈ Tn with n ≠ 1, then zf (z) − 1
 5 |z|nn− 1 (z ∈ U). (2.1)
Proof. If we define the functionw(z) by
w(z) = z
2f ′(z)
(f (z))2
− 1 (z ∈ U), (2.2)
then since f (z) ∈ Tn with n ≠ 1, we see that w(z) ∈ Bn with n ≠ 1. Dividing the equality (2.2) by z2 and integrating from
0 to z, we have
− 1
f (z)
+ 1
z
=
 z
0
w(ζ )
ζ 2
dζ = 1
z
 1
0
w(tz)
t2
dt (ζ = tz),
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which implies that
z
f (z)
= 1−
 1
0
w(tz)
t2
dt (z ∈ U).
On the other hand, it follows fromw(z) ∈ Bn that
|w(tz)| 5 |tz|n (0 5 t 5 1) (2.3)
for each z ∈ U according to Lemma 1.2. Noting the inequality (2.3), a simple calculation gives us that zf (z) − 1
 =  1
0
w(tz)
t2
dt
 5  1
0
|w(tz)|
t2
dt 5 |z|n
 1
0
tn−2 dt = |z|
n
n− 1 (z ∈ U).
This completes the proof of the theorem. 
Example 2.2. Let us consider the function f (z) given by
f (z) = z
1+ eiϕn−1 zn
= z +
∞
k=1
(−1)k

eiϕ
n− 1
k
zkn+1 (2.4)
for some real number ϕ, where n ≠ 1. Then, we see that z2f ′(z)
(f (z))2
− 1
 = eiϕzn < 1 (z ∈ U),
which means that f (z) ∈ Tn.
On the other hand, it is easy to see that zf (z) − 1
 =  eiϕn− 1 zn
 = 1n− 1 |z|n.
Thus, the function f (z) given by (2.4) satisfies the equality in (2.1).
Remark 2.3. Let f (z) ∈ Tn with n ≠ 1. Then by Theorem 2.1, we have zf (z) − 1
 5 |z|nn− 1 < 1n− 1 (z ∈ U),
which implies that f (z)z − (n− 1)2(n− 1)2 − 1
 < n− 1(n− 1)2 − 1 (z ∈ U). (2.5)
In addition, it follows from the inequality (2.5) that
Re

f (z)
z

>
n− 1
n
(z ∈ U).
Remark 2.4. It follows from the inequality (2.1) thatarg f (z)z
 = arg zf (z)
 5 sin−1 |z|nn− 1 (z ∈ U). (2.6)
By making use of Theorem 2.1, we derive some properties for f (z) ∈ Tn as follows.
Theorem 2.5. If f (z) ∈ Tn with n ≠ 1, then
(i) Re

zf ′(z)
f (z)

> 0 for |z| <

(n−1)2
(n−1)2+1
 1
2n
(ii) Re f ′(z) > 0 for |z| <

(n−1)
√
(n−1)2+8−(n−1)2
4
 1
n
.
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Proof. For f (z) ∈ Tn with n ≠ 1, since w(z) defined by (2.2) belongs to the class Bn with n ≠ 1 according to the proof of
Theorem 2.1, we find the inequality (1.2) by Remark 1.3. Also, we obtain the inequality (2.6) by Theorem 2.1 and Remark 2.4.
A simple calculation combined with the two inequalities (1.2) and (2.6) yields thatarg zf ′(z)f (z)
 = arg (1+ w(z))+ arg f (z)z

5 |arg (1+ w(z))| +
arg f (z)z

5 sin−1 |z|n + sin−1 |z|
n
n− 1 (z ∈ U).
We now remark that the function h1(x) defined by
h1(x) = sin−1 xn + sin−1 x
n
n− 1 (0 5 x < 1)
is an increasing function for 0 5 x < 1, where n is a positive integer. From this fact, in order to obtain the assertion (i) in
Theorem 2.5, we need to discuss some real number xwith 0 5 x < 1 such that h1(x) = π2 . If we set
θ1 = sin−1 xn

0 < θ1 <
π
2

and
θ2 = sin−1 x
n
n− 1

0 < θ2 <
π
2

,
then since
sin θ1 = xn, cos θ1 =

1− x2n,
sin θ2 = x
n
n− 1 and cos θ2 =
1
n− 1

(n− 1)2 − x2n,
we have
sin h1(x) = sin(θ1 + θ2) = sin θ1 cos θ2 + cos θ1 sin θ2
= x
n
n− 1

(n− 1)2 − x2n +

1− x2n

(0 5 x < 1).
Hence, it suffices to determine some real number xwith 0 5 x < 1 such that
xn
n− 1

(n− 1)2 − x2n +

1− x2n

= 1. (2.7)
Then, it follows from the equality (2.7) that
(n− 1)2 − (n− 1)2 + 1 x2n = 0,
which implies that
x =

(n− 1)2
(n− 1)2 + 1
 1
2n
.
This gives us that the assertion (i) in Theorem 2.5 is satisfied.
We next discuss the assertion (ii) in Theorem 2.5. By using two inequalities (1.2) and (2.6), we havearg f ′(z) = arg

f (z)
z
2
(1+ w(z))

=
arg (1+ w(z))+ 2 arg f (z)z

5 |arg (1+ w(z))| + 2
arg f (z)z

5 sin−1 |z|n + 2 sin−1 |z|
n
n− 1 (z ∈ U).
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Note that the function h2(x) defined by
h2(x) = sin−1 xn + 2 sin−1 x
n
n− 1 (0 5 x < 1)
is an increasing function for 0 5 x < 1, where n is a positive integer. In order to prove the assertion (ii) in Theorem 2.5, it
suffices to discuss some real number xwith 0 5 x < 1 such that
sin h2(x) = sin(θ1 + 2θ2) = sin θ1(1− 2 sin2 θ2)+ 2 sin θ2 cos θ1 cos θ2
= x
n
(n− 1)2

(n− 1)2 − 2x2n + 2

(1− x2n) (n− 1)2 − x2n = 1, (2.8)
according to the discussion of the proof of assertion (i). For the equality (2.8), a simple calculation gives us that
− 2x2n − (n− 1)2xn + (n− 1)2 = 0. (2.9)
Noting that 0 5 x < 1, it follows from the equality (2.9) that
x =

(n− 1)(n− 1)2 + 8− (n− 1)2
4
 1
n
,
this proves the assertion (ii) in Theorem 2.5. 
Remark 2.6. Let us consider the case n = 2 in Remark 2.3 and Theorem 2.5. Then, we obtain the assertions in Lemma 1.4
proven by Singh [3].
3. On starlikeness of order α for certain analytic functions
In this section, we discuss starlikeness of order α for f (z) ∈ Tn(µ).
Theorem 3.1. The class Tn(µ) is a subclass of S∗(α) for some real number µ with
0 < µ 5
(n− 1)(1− α)
(n− 1+ α)2 + (1− α)2 ,
where n ≠ 1 and 0 5 α < 1.
Proof. Suppose that f (z) ∈ Tn(µ)with n ≠ 1. Noting that 0 < µ 5 1, we define the functionw(z) by
w(z) = 1
µ

z2f ′(z)
(f (z))2
− 1

(z ∈ U). (3.1)
Then, it is clear thatw(z) ∈ Bn with n ≠ 1. Also, it follows from the equality (3.1) that
z
f (z)
= 1− µ
 1
0
w(tz)
t2
dt (z ∈ U)
as well as the proof of Theorem 2.1. Thus, we have
zf ′(z)
f (z)
= 1+ µw(z)
1− µW (z) (z ∈ U),
where
W (z) =
 1
0
w(tz)
t2
dt (z ∈ U).
In addition, a simple calculation combined with Lemma 1.2 yields thatw(z) ∈ Bn with n ≠ 1 implies that
|w(z)| 5 |z|n (3.2)
and
|W (z)| =
 1
0
w(tz)
t2
dt
 5 |z|nn− 1 (3.3)
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for z ∈ U. Since
zf ′(z)
f (z)

z=0
= 1,
the inequality
Re

zf ′(z)
f (z)

> α (z ∈ U) (3.4)
is equivalent to the condition
zf ′(z)
f (z)
= 1+ µw(z)
1− µW (z) ≠ α − iT (z ∈ U), (3.5)
where α and T are some real numbers with 0 5 α < 1. Furthermore, noting that
w(z)+ αW (z)− iTW (z) = w(z)−W (z)+ 2α
2(1− α) (1− α + iT )+
w(z)+W (z)
2(1− α) (1− α − iT ),
a simple calculation yields that the condition (3.5) is equivalent to
µ
2(1− α)G(z) ≠ −1 (z ∈ U), (3.6)
where
G(z) = w(z)−W (z)+ 2αW (z)+ 1− α − iT
1− α + iT (w(z)+W (z)) .
We now set
M = sup
z∈U,w(z)∈Bn,T∈R
|G(z)|.
Then, it is easy to see that the condition (3.6) holds true for µ 5 2(1−α)M . Moreover, by using two inequalities (3.2) and (3.3),
we note that
M = sup
z∈U,w(z)∈Bn,T∈R
|G(z)|
5 sup
z∈U,w(z)∈Bn
{|w(z)−W (z)+ 2αW (z)| + |w(z)+W (z)|}
= sup
z∈U, w(z)∈Bn

{|w(z)−W (z)+ 2αW (z)| + |w(z)+W (z)|}2
5 sup
z∈U, w(z)∈Bn

2
|w(z)+ (2α − 1)W (z)|2 + |w(z)+W (z)|2
5 sup
z∈U,w(z)∈Bn

4
|w(z)|2 + (2α2 − 2α + 1) |W (z)|2 + 2α|w(z)| |W (z)|
5 2 sup
z∈U

|z|2n + (2α2 − 2α + 1) |z|
2n
(n− 1)2 +
2α
n− 1 |z|
2n
= 2
n− 1

(n− 1+ α)2 + (1− α)2
with n ≠ 1 and 0 5 α < 1.
From the above mentioned, we find that f (z) ∈ Tn(µ) satisfies the inequality (3.4) if
0 < µ 5
(n− 1)(1− α)
(n− 1+ α)2 + (1− α)2 (3.7)
with n ≠ 1 and 0 5 α < 1. This fact means that the class Tn(µ) is a subclass of S∗(α) for some real number µ with the
condition (3.7). 
From the assertion of Theorem 3.1, we find some sufficient condition for f (z) ∈ S∗(α) as follows.
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Theorem 3.2. If f (z) ∈ An with n ≠ 1 satisfies z2f ′(z)
(f (z))2
− 1
 < (n− 1)(1− α)
(n− 1+ α)2 + (1− α)2 (z ∈ U) (3.8)
for some real number α with 0 5 α < 1, then f (z) ∈ S∗(α).
Example 3.3. Let us consider the function f (z) given by
f (z) = z
1+ 1−α√
(n−1+α)2+(1−α)2
zn
= z +
∞
k=1
(−1)k

1− α
(n− 1+ α)2 + (1− α)2
k
zkn+1 (3.9)
with n ≠ 1 and 0 5 α < 1. Noting that
1− α
(n− 1+ α)2 + (1− α)2 <
1− α
n− 1+ α ,
a simple check gives us that
Re

zf ′(z)
f (z)

= Re
1− n+ n
1+ 1−α√
(n−1+α)2+(1−α)2
zn

> 1− n+ n
1+ 1−α√
(n−1+α)2+(1−α)2
> 1− n+ (n− 1+ α) = α (z ∈ U).
Therefore, we find that f (z) ∈ S∗(α). On the other hand, it is easy to see that z2f (z)
(f (z))2
− 1
 =
 (n− 1)(1− α)(n− 1+ α)2 + (1− α)2 zn

<
(n− 1)(1− α)
(n− 1+ α)2 + (1− α)2 (z ∈ U).
Thus, the function f (z) given by (3.9) satisfies the inequality (3.8).
Remark 3.4. If we take α = 0 and n = 2 in Theorem 3.2, then we find the assertion of Lemma 1.5 given by Singh [3].
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Appendix
For functions f (z) belonging to the classAn, we write
z
f (z)
= 1+
∞
k=n+1
bkzk.
Then, we have that
zf ′(z)
f (z)
=
1−
∞
k=n+1
(k− 1)bkzk
1+
∞
k=n+1
bkzk
. (A.1)
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This shows us that z2f ′(z)(f (z))2 − 1
 =
− ∞
k=n+1
(k− 1)bkzk

<
∞
k=n+1
(k− 1)|bk|
for z ∈ U. Therefore, if f (z) satisfies the coefficient inequality
∞
k=n+1
(k− 1)|bk| 5 µ (A.2)
for some real µ (0 < µ 5 1), then we have that f (z) ∈ Tn(µ).
Let us consider the function f (z) defined by
f (z) = z
1+
∞
k=n+1
nµeiθ
k(k−1)2 z
k
.
Then, we have that
∞
k=n+1
(k− 1)|bk| =
∞
k=n+1
nµ
k(k− 1)
= nµ
∞
k=n+1

1
k− 1 −
1
k

= µ.
Furthermore, we see that
Re

z2f ′(z)
(f (z))2

> 1− µ (z ∈ U) (A.3)
for f (z) ∈ Tn(µ). Let us define the function p(z) by
µp(z) = z
2f ′(z)
(f (z))2
− 1+ µ. (A.4)
Then p(z) is analytic in U with p(0) = 1 and Re p(z) > 0 (z ∈ U). This means that p(z) is a Carathéodory function. Thus, if
we write
p(z) = 1+
∞
k=n+1
ckzk,
then
|ck| 5 2 (k = n+ 1, n+ 2, n+ 3, . . .) (cf. Duren [4]).
Considering the coefficients of zk in both sides of (A.4), we have that
− (k− 1)bk = µck (k = n+ 1, n+ 2, n+ 3, . . .). (A.5)
Consequently, we obtain that
|bk| 5 2µk− 1 (k = n+ 1, n+ 2, n+ 3, . . .)
for f (z) ∈ Tn(µ).
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